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A note on Mahler’s conjecture
Shlomo Reisner, Carsten Schu¨tt and Elisabeth M. Werner ∗†
Abstract
Let K be a convex body in Rn with Santalo´ point at 0. We show that if K has a point
on the boundary with positive generalized Gauß curvature, then the volume product
|K||K◦| is not minimal. This means that a body with minimal volume product has
Gauß curvature equal to 0 almost everywhere and thus suggests strongly that a minimal
body is a polytope.
1 Introduction
A convex body K in Rn is a compact, convex set with nonempty interior. The polar body
Kz with respect to an interior point z of K is
Kz = {y| ∀x ∈ K : 〈y, x− z〉 ≤ 1}.
There is a unique point z ∈ K such that the volume product |K||K◦| is minimal. This point
is called the Santalo´ point s(K). The Blaschke-Santalo´ inequality asserts that the maximum
of the volume product |K||K◦| is attained for all ellipsoids and only for ellipsoids [2, 16, 11].
Thus the convex body for which the maximum is attained is unique up to affine transforms.
On the other hand, it is an open problem for which convex bodies the minimum is
attained. It is conjectured that the minimum is attained for the simplex. The class of
centrally symmetric convex bodies is of particular importance. Mahler conjectured [8, 9] that
the minimum in this class is attained for the cube and its polar body, the cross-polytope. If
so, the minimum would also be attained by “mixtures” of the cube and the cross-polytope,
sometimes called Hanner-Lima bodies. Those are not affine images of the cube or the cross-
polytope. Thus, in the class of centrally symmetric convex bodies the minimum is not
attained for a unique convex body (up to affine transforms).
The first breakthrough towards Mahler’s conjecture is the inequality of Bourgain-Milman
[3]. They proved that for centrally symmetric convex bodies( c
n
)n
≤ |K||K◦|.
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This inequality has recently been reproved with completely different methods by Kuperberg
and Nazarov [7, 12]. Their proofs also give better constants.
For special classes like zonoids and unconditional bodies Mahler’s conjecture has been
verified [13, 5, 15, 10, 14].
The inequality of Bourgain-Milman has many applications in various fields of mathe-
matics: geometry of numbers, Banach space theory, convex geometry, theoretical computer
science.
Despite great efforts, a proof of Mahler’s conjecture seems still elusive. It is not even
known whether a convex body for which the minimum is attained must be a polytope. A
result in this direction has been proved by Stancu [20]. It is shown there that if K is of class
C2 with strictly positive Gauß curvature everywhere, then the volume product of K can not
be a local minimum.
In this paper we show that a minimal body can not have even a single point with positive
generalized curvature. By a result of Alexandrov, Busemann and Feller [1, 4] the generalized
curvature exists almost everywhere. Therefore, our result implies that a minimal body has
almost everywhere curvature equal to 0 and thus suggests strongly that a minimal body is
a polytope.
We now introduce the concept of generalized curvature. Let U be a convex, open subset
of Rn and let f : U → R be a convex function. df(x) ∈ Rn is called subdifferential at the
point x0 ∈ U, if we have for all x ∈ U
f(x0) + 〈df(x0), x− x0〉 ≤ f(x).
A convex function has a subdifferential at every point and it is differentiable at a point if and
only if the subdifferential is unique. Let U be an open, convex subset in Rn and f : U → R
a convex function. f is said to be twice differentiable in a generalized sense in x0 ∈ U, if
there is a linear map d2f(x0) : R
n → Rn and a neighborhood U(x0) ⊆ U such that we have
for all x ∈ U(x0) and for all subdifferentials df(x)
‖df(x)− df(x0)− d2f(x0)(x− x0)‖ ≤ Θ(‖x− x0‖)‖x− x0‖.
Here, ‖ ‖ is the standard Euclidean norm on Rn and Θ is a monotone function with
limt→0Θ(t) = 0. d
2f(x0) is called (generalized) Hesse-matrix. If f(0) = 0 and df(0) = 0
then we call the set
{x ∈ Rn|xtd2f(0)x = 1}
the indicatrix of Dupin at 0. Since f is convex, this set is an ellipsoid or a cylinder with a
base that is an ellipsoid of lower dimension. The eigenvalues of d2f(0) are called generalized
principal curvatures and their product is called the generalized Gauß-Kronecker curvature
κ.
It will always be this generalized Gauß curvature that we mean throughout the rest of the
paper though we may occasionally just call it Gauß curvature. Geometrically the eigenvalues
of d2f(0) that are different from 0 are the lengths of the principal axes of the indicatrix raised
to the power (−2).
To define the generalized Gauß curvature κ(x) of a convex body K at a boundary point
x with unique outer normal NK(x), if it exists, we translate and rotate K so that we may
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assume that x = 0 and NK(x) = −en. κ(x) is then defined as the Gauß curvature of the
function f : Rn−1 → R whose graph in the neighborhood of 0 is ∂K.
We further denote by H(x, ξ) the hyperplane through x and orthogonal to ξ. H−(x, ξ)
and H+(x, ξ) are the two half spaces determined by H(x, ξ). In particular, for ∆ > 0, a
convex body K and x ∈ ∂K, the boundary of K, with a unique outer normal NK(x)
H (x−∆NK(x), NK(x))
is the hyperplane through x − ∆NK(x) with normal NK(x). H+ (x−∆NK(x), NK(x)) de-
notes the halfspace determined by H (x−∆NK(x), NK(x)) that does not contain x.
We construct two new bodies, Kx(∆), by cutting off a cap
Kx(∆) = K ∩H+ (x−∆NK(x), NK(x)) ,
and Kx(∆) by
Kx(∆) = co[K, x+∆NK(x)].
2 The main theorem
Theorem 1. Let K be a convex body in Rn and suppose that there is a point in the boundary
of K where the generalized Gauß curvature exists and is not 0. Then the volume product
|K||Ks(K)| is not a local minimum.
Moreover, if K is centrally symmetric with center 0 then, under the above assumption,
the volume product |K||K◦| is not a local minimum in the class of 0-symmetric convex bodies.
In order to prove Theorem 1, we present the following proposition.
Proposition 2. Let K be a convex body in Rn whose Santalo´ point is at the origin. Suppose
that there is a point x in the boundary of K where the generalized Gauß curvature exists and
is not 0. Then there exists ∆ > 0 such that
|Kx(∆)|| (Kx(∆))◦ | < |K||K◦|.
or
|Kx(∆)|| (Kx(∆))◦ | < |K||K◦|.
For the proof of Proposition 2 we need several lemmas from [18] and [19]. We refer to
[18] and [19] for the proofs. In particular, part (ii) of this lemma can be found in [19] as
Lemma 12.
Lemma 3. [19] Let K be a convex body in Rn. Let T : Rn → Rn be a linear, invertible map.
(i) The normal at T (x) is
(T−1)t(NK(x))‖(T−1)t(NK(x))‖−1.
(ii) Suppose that the generalized Gauß-Kronecker curvature κ exists in x ∈ ∂K. Then the
generalized Gauß-Kronecker curvature κ exists in T (x) ∈ ∂T (K) and
κ(x) = ‖(T−1)t(NK(x))‖n+1 det(T )2κ(T (x)).
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The next two lemmas are well known. See e.g. [18].
Lemma 4. [18] Let U be an open, convex subset of Rn and 0 ∈ U. Suppose that f : U→ R
is twice differentiable in the generalized sense at 0 and that f(0) = 0 and df(0) = 0.
Suppose that the indicatrix of Dupin at 0 is an ellipsoid. Then there is a monotone, increasing
function ψ : [0, 1]→ [1,∞) with lims→0 ψ(s) = 1 such that{
(x, s)
∣∣∣∣xtd2f(0)x ≤ 2sψ(s)
}
⊆ {(x, s)|f(x) ≤ s} ⊆ {(x, s)|xtd2f(0)x ≤ 2sψ(s)}.
Lemma 5. [18] Let K be a convex body in Rn with 0 ∈ ∂K and N(0) = −en. Suppose
that the indicatrix of Dupin at 0 is an ellipsoid. Suppose that the principal axes biei of the
indicatrix are multiples of the unit vectors ei, i = 1, . . . , n − 1. Let E be the n-dimensional
ellipsoid
E =

x ∈ Rn
∣∣∣∣∣∣∣
n−1∑
i=1
x2i
b2i
+
(
xn −
(∏n−1
i=1 bi
) 2
n−1
)2
(
∏n−1
i=1 bi)
2
n−1
≤
(
n−1∏
i=1
bi
) 2
n−1

 .
Then there is an increasing, continuous function φ : [0,∞)→ [1,∞) with φ(0) = 1 such that
we have for all t {(
x1
φ(t)
, . . . ,
xn−1
φ(t)
, t
)∣∣∣∣ x ∈ E, xn = t
}
⊆ K ∩H((0, . . . , 0, t), N(0))
⊆ {(φ(t)x1, . . . , φ(t)xn−1, t)|x ∈ E, xn = t} .
We call E the standard approximating ellipsoid .
Let us denote the lengths of the principal axes of the indicatrix of Dupin by bi, i =
1, . . . , n− 1. Then the lengths ai, i = 1, . . . , n of the principal axes of the standard approxi-
mating ellipsoid E are
ai = bi
(
n−1∏
i=1
bi
) 1
n−1
i = 1, . . . , n− 1 and an =
(
n−1∏
i=1
bi
) 2
n−1
. (1)
This follows immediately from Lemma 5. For the generalized Gauß-Kronecker curvature we
get
n−1∏
i=1
an
a2i
. (2)
This follows as the generalized Gauß-Kronecker curvature equals the product of the eigen-
values of the generalized Hesse matrix. The eigenvalues are b−2i , i = 1, . . . , n− 1. Thus
n−1∏
i=1
b−2i =
(
n−1∏
i=1
bi
)2 n−1∏
i=1

bi
(
n−1∏
k=1
bk
) 1
n−1


−2
=
n−1∏
i=1
an
a2i
.
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In particular, if the indicatrix of Dupin is a sphere of radius
√
ρ then the standard approxi-
mating ellipsoid is a Euclidean ball of radius ρ.
We consider the map T : Rn → Rn
T (x) =

x1
a1
(
n−1∏
i=1
bi
) 2
n−1
, . . . ,
xn−1
an−1
(
n−1∏
i=1
bi
) 2
n−1
, xn

 . (3)
This transforms the standard approximating ellipsoid E into a Euclidean ball T (E) with
radius r = (
∏n−1
i=1 bi)
2/(n−1). This is obvious since the principal axes of the standard approx-
imating ellipsoid are given by (1). The map T is volume preserving.
Lemma 6. Let K be a convex body in Rn with 0 as an interior point. Suppose that the
generalized Gauß curvature of ∂K at x0 exists and that the indicatrix is an ellipsoid. Then
there is an invertible linear transformation T such that
(i) NT (K)(T (x0)) =
T (x0)
‖T (x0)‖
(ii) The indicatrix of Dupin at T (x0) is a Euclidean ball.
(iii) |T (K)| = |T (K)◦|
(iv) ‖T (x0)‖ = 1.
Proof. (i) We first show that there is a linear map T1 such that NT1(K)(T1(x0)) =
T1(x0)
‖T1(x0)‖
.
Let ei, 1 ≤ i ≤ n be an orthonormal basis of Rn such that en = NK(x0).
Define T1 by
T1
(
n−1∑
i=1
tiei + tnx0
)
=
n−1∑
i=1
tiei + tn〈x0, en〉en
T1 is well-defined since x0 and e1, . . . , en−1 are linearly independent. Indeed, as 〈en, x0〉 > 0,
x0 /∈ e⊥ = span{e1, . . . , en−1}. Moreover,
T1(x0) = 〈x0, en〉en
and thus
T1(x0)
‖T1(x0)‖ = en (4)
By Lemma 3, the outer normal at T1(x0) is
(T−11 )
t(NK(x0))‖(T−11 )t(NK(x0))‖−1.
Then for all 1 ≤ i ≤ n− 1
〈(T−11 )t(NK(x0)), ei〉 = 〈NK(x0), T−11 ei〉 = 〈NK(x0), ei〉 = 〈en, ei〉 = 0.
Hence
(T−11 )
t(NK(x0))
‖(T−11 )t(NK(x0))‖
= ±en
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Since 〈x0, en〉 > 0 and since 0 is an interior point, it is +en. Together with (4), this shows
that
NT1(K)(T1(x0)) = en =
T1(x0)
‖T1(x0)‖ .
(ii) Put x1 = T1(x0) and K1 = T1(K). By Lemma 3, the curvature κ(x1) at x1 ∈ ∂K1 exists
and is positive. For 1 ≤ i ≤ n− 1, let bi be the principal curvatures and ai be the principal
axes of the standard approximating ellipsoid in x1. Let T2 : R
n → Rn
T2(x) =

 ξ1
a1
(
n−1∏
i=1
bi
) 2
n−1
, . . . ,
ξn−1
an−1
(
n−1∏
i=1
bi
) 2
n−1
, ξn

 . (5)
transforms the indicatrix of Dupin at x1 into an n − 1-dimensional Euclidean ball and the
standard approximating ellipsoid E into a n-dimensional Euclidean ball T2(E) with radius
r = (
∏n−1
i=1 bi)
2/(n−1).
Property (i) of the lemma is preserved:
NT2(K1)(T2(x1)) = NK1(x1) = en.
Indeed, by Lemma 3
NT2(K1)(T2(x1)) =
(T−12 )
t(NK1(x1))
‖(T−12 )t(NK1(x1))‖
.
and thus for all 1 ≤ i ≤ n− 1
〈(T−12 )t(NK1(x1)), ei〉 = 〈NK1(x1), T−12 (ei)〉 =
〈
en, a1
(
n−1∏
i=1
bi
)− 2
n−1
ei
〉
= 0.
(iii) It is enough to apply a multiple αI of the identity.
(iv) We apply the map T3 with
T3(ξ) = (λξ1, . . . , λξn−1, λ
−n+1ξn)
where
λ = (α〈x0, en〉)1/(n−1)
Properties (i) and (ii) of the lemma are preserved and, as det(T3) = 1, Property (iii) as well.
Finally, we let T (K) = T3(αT2(K1)). 
Lemma 7. Let K be a convex body in Rn such that ∂K is twice differentiable in the gener-
alized sense at x. Suppose that ‖x‖ = 1, NK(x) = x, and the indicatrix of Dupin at x is a
Euclidean sphere with radius r. Then x ∈ ∂K◦ and for all 0 < ǫ < min{r, 1
r
} there is ∆ > 0
such that
Bn2
(
x−
(
1
r
− ǫ
)
NK◦(x),
1
r
− ǫ
)
∩H−(x−∆NK◦(x), NK◦(x))
6
⊆ K◦ ∩H−(x−∆NK◦(x), NK◦(x))
⊆ Bn2
(
x−
(
1
r
+ ǫ
)
NK◦(x),
1
r
+ ǫ
)
∩H−(x−∆NK◦(x), NK◦(x))
Proof. Without loss of generality we can assume that x = NK(x) = en. Clearly then
x ∈ ∂K◦ and NK◦(x) = x. Let 0 < ǫ < min{r, 1r}. By Lemma 5, there exists ∆1 such that
for all ∆ ≤ ∆1
Bn2 ((1− (r − ǫ))en, r − ǫ) ∩H− ((1−∆)en, en)
⊆ K ∩H− ((1−∆)en, en) ⊆ Bn2 ((1− (r + ǫ))en, r + ǫ) ∩H− ((1−∆)en, en) .
We construct two new convex bodies.
K1 = co
[
K ∩H+ ((1−∆1)en, en) , Bn2 ((1− (r − ǫ))en, r − ǫ)
]
and
K2 = co
[
K ∩H+ ((1−∆1)en, en) , Bn2 ((1− (r + ǫ))en, r + ǫ)
]
.
Then K1 ⊆ K ⊆ K2 and there is ∆2 ≤ ∆1 such that for all ∆ ≤ ∆2
K1 ∩H− ((1−∆)en, en) = Bn2 ((1− (r − ǫ))en, r − ǫ) ∩H− ((1−∆)en, en)
and
K2 ∩H− ((1−∆)en, en) = Bn2 ((1− (r + ǫ))en, r − ǫ) ∩H− ((1−∆)en, en) .
We now compute K01 and K
0
2 in a neighborhood of x = en. We show the computations for
K1. K2 is done similarly.
Let ∆ ≤ ∆2 and η be the normal of y ∈ ∂K1 ∩H− ((1−∆)en, en). Then
〈y, η〉 = r − ǫ+ (1− (r − ǫ)) 〈x, η〉
Therefore, 〈
y,
η
r − ǫ+ (1− (r − ǫ)) 〈x, η〉
〉
= 1
and hence
η
r − ǫ+ (1− (r − ǫ))〈x, η〉 ∈ ∂K
◦
1 .
For ∆K◦
1
≤ ∆2 sufficiently small, we consider now a cap of K◦1 and its base
K◦1 ∩H((1−∆K◦1 )en, en)
We compute the distance ρ of η
r−ǫ+(1−(r−ǫ))〈x,η〉
∈ ∂K◦1 ∩H((1−∆K◦1 )en, en) from the center
of the base (1−∆K◦
1
)en . Clearly, by Pythagoras
ρ =
√
1
(r − ǫ+ (1− (r − ǫ))〈x, η〉)2 − (1−∆K◦1 )
2
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Moreover,
1−∆K◦
1
=
〈x, η〉
r − ǫ+ [1− (r − ǫ)]〈x, η〉
Hence
(1−∆K◦
1
)
(
r − ǫ+ [1− (r − ǫ)] 〈x, η〉
)
= 〈x, η〉
〈x, η〉
(
(1−∆K◦
1
)[1− (r − ǫ)]− 1
)
= −(r − ǫ)(1−∆K◦
1
)
〈x, η〉 = (r − ǫ)(1−∆K◦1 )
r − ǫ+ [1− (r − ǫ)] ∆K◦
1
Therefore
ρ =
√(
r − ǫ+ [1− (r − ǫ)]∆K◦
1
)2
(r − ǫ)2 − (1−∆K◦1 )
2
or
ρ =
√
2
r − ǫ∆K◦1 +
[1− 2(r − ǫ)]
(r − ǫ)2 ∆
2
K◦
1
We compare this radius with the corresponding radius of the ball Bn2
(
(1− 1
r−2ǫ
)en,
1
r−2ǫ
)
.
The corresponding radius is √
2∆K◦
1
r − 2ǫ −∆
2
K◦
1
Therefore,
ρ ≤
√
2∆K◦
1
r − 2ǫ −∆
2
K◦
1
provided that
∆K◦
1
≤ min
{
2ǫ
(r − 2ǫ)(r − ǫ) ,
2ǫ
(r − 2ǫ)(2 + r − ǫ)
}
.
As K1 ⊆ K and consequently K◦ ⊆ K◦1 we get
K◦ ∩H−((1−∆K◦
1
)en, en) ⊆ Bn2
((
1− 1
r − 2ǫ
)
en,
1
r − 2ǫ
)
∩H−((1−∆K◦
1
)en, en).
Similarly, using K ⊆ K2, one shows (with a new ∆K◦
1
small enough if needed) that
Bn2
((
1− 1
r + 2ǫ
)
en,
1
r + 2ǫ
)
∩H−((1−∆K◦
1
)en, en) ⊆ K◦ ∩H−((1−∆K◦
1
)en, en).

Lemma 7 implies that if x ∈ ∂K is a twice differentiable point (in the generalized sense),
then the point y ∈ ∂K◦ with 〈x, y〉 = 1, is also a twice differentiable point. Compare also
[6].
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Corollary 8. Let K be a convex body in Rn with 0 as an interior point. Assume that ∂K
is twice differentiable in the generalized sense at x and the indicatrix of Dupin at x is an
ellipsoid (and not a cylinder with an ellipsoid as its base). Then ∂K◦ is twice differentiable
at the unique point ξ with 〈ξ, x〉 = 1.
Proof. By Lemma 6 we may assume that the indicatrix is a Euclidean ball and that
NK(x) = x. By Lemma 7 the statement follows. 
The next lemma is also well known (see e.g. [17]).
Lemma 9. Let K be a convex body in Rn and suppose that the indicatrix of Dupin at x ∈ ∂K
exists and is a Euclidean ball of radius r > 0. Let C(r,∆) be the cap at x of height ∆. Then
|C(r,∆)| = g
(
∆
r
)n+1
2 1
n + 1
2
n+1
2 voln−1(B
n−1
2 )∆
n+1
2 r
n−1
2
where limt→0 g(t) = 1.
Remark. The conclusions of Lemma 9 also hold if instead of the existence of the indicatrix,
we assume the following:
Let x ∈ ∂K and suppose that there is r > 0 such that for all ǫ > 0 there is a ∆ǫ such that
for all ∆ with 0 < ∆ ≤ ∆ǫ
Bn2 (x− (r − ǫ)NK(x), r − ǫ) ∩H−(x−∆NK(x), NK(x))
⊆ K ∩H−(x−∆NK(x), NK(x))
⊆ Bn2 (x− (r + ǫ)NK(x), r + ǫ) ∩H−(x−∆NK(x), NK(x)). (6)
The next lemma is from [21]. There it was assumed that the indicatrix of Dupin at x ∈ ∂K
exists and is a Euclidean ball of radius r > 0. However, what was actually used in the proof,
were the assumptions (6) of the above Remark.
Lemma 10. [21] Let K be a convex body in Rn. Let x ∈ ∂K and suppose that there is r > 0
such that for all ǫ > 0 there is a ∆ǫ such that for all ∆ with 0 < ∆ ≤ ∆ǫ, (6) holds. Then,
if ∆ǫ is small enough, we have for 0 < ∆ < ∆ǫ
2
n+1
2
n(n + 1)
|Bn−12 |∆
n+1
2 r
n−1
2
×
{
(n+ 1)
(
1− ǫ
r
)n−1
2
(1− c ǫ)− n
(
1 +
ǫ
r
)n−1
2
(1 + c ǫ) h
(
∆
r + ǫ
)n+1}
≤
∣∣∣∣Kx(∆) \K
∣∣∣∣
≤ 2
n+1
2
n(n + 1)
|Bn−12 |∆
n+1
2 r
n−1
2
9
×
{
(n+ 1)
(
1 +
ǫ
r
)n−1
2
(1 + c ǫ)− n
(
1− ǫ
r
)n−1
2
(1− c ǫ) h
(
∆
r + ǫ
)n+1}
.
where c is a constant and limt→0 h(t) = 1.
Proof of Theorem 1.
By assumption there is a point x ∈ ∂K at which ∂K is twice differentiable in the generalized
sense. By Lemma 6 we may assume that ‖x‖ = 1 and x = NK(x). Moreover, all principal
curvature radii at x are equal to r. By Lemma 7, x ∈ ∂K◦, K◦ is twice differentiable at x
and all principal curvature radii are equal to 1
r
.
The dual body to Kx(∆) is K
x( ∆
1−∆
). By Lemma 9,
|Kx(∆)| ≤ |K| − g
(
∆
r
)n+1
2 2
n+1
2
n+ 1
voln−1(B
n−1
2 )∆
n+1
2 r
n−1
2 .
By Lemma 10
|Kx(∆)◦| =
∣∣∣∣Kx
(
∆
1−∆
)∣∣∣∣ ≤ |K◦|+ 2
n+1
2
n(n + 1)
|Bn−12 |∆
n+1
2 r−
n−1
2
×
{
(n+ 1) (1 + rǫ)
n−1
2 (1 + c ǫ)− n (1− rǫ)n−12 (1− c ǫ) h
(
∆
1
r
+ ǫ
)n+1}
.
It follows that
|Kx(∆)||Kx(∆)◦| ≤ |K||K◦|+ |K| 2
n+1
2
n(n+ 1)
|Bn−12 |∆
n+1
2 r−
n−1
2
×
{
(n+ 1) (1 + rǫ)
n−1
2 (1 + c ǫ)− n (1− rǫ)n−12 (1− c ǫ) h
(
∆
1
r
+ ǫ
)n+1}
−|K◦|g
(
∆
r
)n+1
2 1
n+ 1
2
n+1
2 voln−1(B
n−1
2 )∆
n+1
2 (r − ǫ)n−12 .
Therefore we have
|Kx(∆)||Kx(∆)◦| < |K||K◦|,
provided that
|K|
{
(n+ 1) (1 + rǫ)
n−1
2 (1 + c ǫ)− n (1− rǫ)n−12 (1− c ǫ) h
(
∆
1
r
+ ǫ
)n+1}
< n|K◦| g
(
∆
r
)n+1
2
rn−1
(
1− ǫ
r
)n−1
2
. (7)
Now we interchange the roles of K and K◦. We cut off a cap from K◦ and apply the remark
following Lemma 9. Then the inequality analogous to (7) will be
|K◦|
{
(n+ 1)
(
1 +
ǫ
r
)n−1
2
(1 + c ǫ)− n
(
1− ǫ
r
)n−1
2
(1− c ǫ) h
(
∆
r + ǫ
)n+1}
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< n|K|g (r∆)n+12 r−(n−1)(1− rǫ)n−12 . (8)
Thus the theorem is proved provided that one of the inequalities (7) or (8) holds. Suppose
both inequalities do not hold. Then
|K|
{
(n+ 1) (1 + rǫ)
n−1
2 (1 + c ǫ)− n (1− rǫ)n−12 (1− c ǫ) h
(
∆
1
r
+ ǫ
)n+1}
≥ n|K◦| g
(
∆
r
)n+1
2
rn−1
(
1− ǫ
r
)n−1
2
≥ n2|K| g
(
∆
r
)n+1
2 (1− ǫ
r
− rǫ+ ǫ2)n−12 g (r∆)n+12{
(n + 1)
(
1 + ǫ
r
)n−1
2 (1 + c ǫ)− n (1− ǫ
r
)n−1
2 (1− c ǫ) h ( ∆
r+ǫ
)n+1} .
We can choose ǫ so small that
(n + 1) (1 + rǫ)
n−1
2 (1 + c ǫ)− n (1− rǫ)n−12 (1− c ǫ) h
(
∆
1
r
+ ǫ
)n+1
≤ 2
and
(n + 1)
(
1 +
ǫ
r
)n−1
2
(1 + c ǫ)− n
(
1− ǫ
r
)n−1
2
(1− c ǫ) h
(
∆
r + ǫ
)n+1
≤ 2.
Moreover, we can choose ǫ so small that
(
1− ǫ
r
− rǫ+ ǫ2
)n−1
2 ≥ 1
2
Therefore
4 ≥ n2g
(
∆
r
)n+1
2
g (r∆)
n+1
2
Since limt→0 g(t) = 1, this gives a contradiction.
The extension of the proof needed in order to prove the symmetric case is obvious. 
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